Asymptotes and Continuity

p. 130: 63-68, 80-82
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lim 254 i =4 204 o » = 4is a horizontal
=y +3 == l+d 140 |

4
x, so lim_f(x)=—-0 since
x+3 x—=3"

S+4x——Tand x+3—0"asx —-3". Thus,x=-3 isa
vertical asymptote. The graph confirms our work.

: 2+-L
lim —2X g T =g, S0 ¥ =§ is a horizontal

=235+ 2 -1 23424 3

asymptote. y= f(x)=

2x? +1 _ 2x? +1
I +2x -1 (3x—1)(x+1)

denominator is zero when x =1 and x =—1 but the numerator is

The

asymptote. yv= f(x)=

nonzero, so x =+andx =—1 are vertical asymptotes. The graph
confirms our work.
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limw= im ——X =2+U+U=2,50 y =2 is a horizontal
=%y 4x—2 -=l4l-2 140-0

23 +x—1_ (2x—1)(x+1)

Frx-2  (x+2)(x-1)°

lim f(x)=—eo, |ir¥f(x}=—oc-, liI{lf[x}=m.Thu5,:r=—23nd x=1
X X

are vertical asymptotes. The graph confirms our work.
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lim — = lim = = —
B e M [ |

asymptote. y= f(x)=

=—-1,80 y=-1is a horizontal

1+ l+x* 1+x*
asymptote. v= f(x)=— al = o —=— ol :

X —x x‘(l—x‘] x‘(l—x](l+x)
The denominator is zero when x=0,—1 and 1, so these are vertical
asymptotes. Notice that asx — 0, the numerator and denominator are

both positive, solim f(x)=<c. The graph confirms our work.
x—0




67.

68.
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81.

y=f(x)= X —x _ x(xz _1] _ x(x—=1)x+1) _ x(x+1)

X —6x+5 (x=D(x+5) (x=1)(x+5) x—35
for = g(x) for x # 1. The graph of g is the same as the graph of f
with the exception of a hole in the graph of fatx=1. By long
division, g(x) = T X+ 6+£. Asx — 4o, g(x) = *=0, SO

x—35 x—35

there is no horizontal asymptote. The denominator of g is zero
when x =5, and lim g(x) = —= and iﬂl g(x)==, sox=35isa

x—5

¥

vertical asymptote. The graph confirms our work.

. 2e . 2e" 1/e" . 2 2 )
lim = lim -——=1im = =2, so0y=21s
et 5 wsmet 5§ /" H‘*’]—(Sfe’] 1-0

: . 2" 2 : !
a horizontal asymptote. lim = =(), so is a horizontal
—=g"—5 (-5

asymptote. The denominator is zero (and the numerator isn’t) when
g —-5=0 = &"=5 = x=In5. Thus, x=1In5 is a vertical
asymptote. The graph confirms our work.

R
me +x+a . : .
If the graph of y= s—zcmsses it horizontal asymptote at the point (6, —5) then
3 +5+5

[immx;“—“'a: li b:_i S0 m =-5.
i S =2 -5

- 3 — - :l J—
Buty(6)=_5= "0 *0ra 6 +6ra_—A0M*a 5514 - 107440 = 4=a

6 -2 6" -2 214
Thus, the value of m +a i1s (B) —1.
To find the horizontal asymptotes, we must evaluate lim M. If m = 48 then
5t 4x+6
67F 48x + - 48+
lim X867 T i e 4840 A8 o in this case, y = 12 s a
= Ax+ 67 =2 dx+L = 4 440
horizontal asymptote. However, if m =12, lim [2x+12:67 _ lim 12:67 _ lim 12 =12. Therefore
52 4y4+ 677 e 13-

the line y = 12 will be a horizontal asymptote for (C) both m =48 and m = 12.
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x T
R2. Let f(x)= +4,,ar1u:11f=l Thenasx —0,f ——o,and | 11’[1)‘"(1’)—IImBJﬂir =limﬂ=g.
54+47 X =544 —=0T540 5
I r
Also, asx — 07, — =, so lim )“(.ﬁ'r)=lim3+4 =1im4—=].Finall}’,
07 e 544" =4
3+ 4 3+ i 2

lim f(x)=lim—— . Therefore 11m f{x)+ lim f{x)+11mf{t}-%+]+§, which is

3 B § 4 [ 541 6

34
(A) =
T

p. 143: 17-18, 27-32, 35 (use calculator), 44-45, 50-51, 57-60

, 2 ifx#3 | _ ,
17. The function f(x)= 4 ifro3 satisfies 11111 f(x)=lim f(x)=2# f(3)=4.
ITtx= X—* x—3
. 2(x=2) . B . B
18. The function f(x) = (x+2) has a vertical asymptote at x =—2 and a horizontal asymptote at x = 2.
X+
27. f(x)= 1 is discontinuous at a = -2 because f(-2)is ' po—l_
x+2 Toxt2
undefined.
\ 0 x
— ifxz-2 1 v
28. f(x)=1x+2 t . For this function, f(-2)=1, but E ' 1
1 ifx=-2 | T x+2
lin; f(x)=—=c and lim f(x)=-<0, solim f(x) does not 214
x——2" x——27 xr——1 ] -—--_'_‘————-;_
exist and fis discontinuous at x = —2. I 0 ¥
‘\ E):=—2
x+3 ifx<-1 "
29. =
F&) 7[ 2 ifx> 1

lim f(x)= lim (x+3)=—1+3=2and lim f(x)= lim 2*=2"=—
x—=—I" x—=—I" =" 1"

Since the left-hand and right-hand limits of fat —1 are not equal,
]i_}l’[_ll f(x)does not exist, and f is discontinuous at —1.




x+3 ifx<-1
29- fm:{ 2 ifxs—]

]1m fix)= ]1m | (x+3)=—-1+3=2and llm f(x)=lim 2% = 2'l=%.

="

Smce the left—hand and right-hand llmltS n:-f f at —1 are not equal,

y=x+3

¥

]imI f(x)does not exist, and f'is discontinuous at —1.
x——

Y X 2]

30. flx)= rj —1
o ifx=1
2

=) _oox Lo

llmf(x)—llm ——=lim——=—,but
=l X7 —1 o (x+1)(x=1) =tx-1 2

f(h=1 ;e% so fis discontinuous at 1.

cosx i1fx<0 ¥
31, f(x)=40 ifx=0

l—-x* ifx>0 ' /\

ling f(x)=1, but £/(0)=0=1,s0f is not continuous at 0.

2x* —5x-3 3
32. f(x)= x-3
6 ifx=3
llm)‘"(r)—llm2 BRL I N Co 50 C ot R T NE =7,but
x—33 =3 =3 r—3 X3

f(3)=6#7,s0 fis discontinuous at 3.

_y 0

kel




4—+fx*+x+10

ifx=2
35. Let f(x)= x—2 _
2 ifx=2
8
2 3 >
Then]imf(x)=lim4_ x +x+10 =lim4_ x +x+1ﬂ_4+~q‘x +x+10
x—32 132 x—2 x—32 1—2 4+Jx3+x+1[}

) 16—(x2+x+1t}] _ —(x2+x—6)
:[1['1'3 =lll’I;l

e (x—Z)(4+«Jx2+x+lﬂ) = (x—2)(4+~,u‘x2+x+1{i)
—lim —(x+3)(x-2) —lim —(x+3)

Hl{x—Z)(4+\u‘x2 +x+1{l) 2 (4+\(:Jc2 +x+1D)

-5 -5 5 . .
= = =——and so fis continuous at x = 2.
4+J4+2+10 4+Af16 8 4

44. The function y =

is discontinuous at x = 0 because the lefi- and right-hand limits at x =0 are

1+
different.

45. The function y =tan® x is discontinuous atx =Z + 27k, where k is any integer. The function is
discontinuous where tan’ is 0, that is at x=7k. Soy = ln(tan2 x) is discontinuous atx =Zn, nany

integer.



50. f{x)={

51,

5? f{l’)= Xx—a

1-x* ifx<l
Inx ifx=>1
By Theorem 3, since f(x) equals the polynomial 1 —x* on(—=0,1], fis continuous on (—=,1]. By

Theorem 3, since f(x) equals the logarithmic function Inxon(1,=0), fis continuous on (I,0).

1-x" ifx<l
Inx ifx>1

f(X)={

By Theorem 3, the trigonometric functions are continuous. Since f(x)=sinxon (—cq al 4) and
f(x)=cosx on(x/4,), fis continuous on (—=o,z /4)u(x/4,%). In addition,

lim f(x)= lim sinx=sin{=1 /A2 since the sine function is continuous at /4. Similarly,
x—3{ w4) x—l m/4)

—Em| filx)= —1}.?'14']* cosx=cosL=1/ V2 by the continuity of the cosine function at 7/4. Thus
x " ! 4 x ! L

lim f(x)exists and equals | :’-..E which agrees with the value fo(ﬂ' M]. Therefore, fis

=3 T4)
continuous at /4, so f'is continuous on (—oo, w).
3 3

X —a .
ifx#a

c ifx=a

Forx#a, f(x)=x" +ax+a’.s0 limﬁ[x)=1im(xE +a.-:zx+f;r3)=rzE +a’+a’ =3a’. In order for fto
=i X—Hd

be continuous at a, we need f(a)=c=1im f(x) = 3a’. Therefore, ¢ =3a”and
X—1

3 3
X —da

flx)=9 x—a

3a’ ifx=a

ifx#a



(x?—4
x—2

ifx <2
58. f(x)=4ax’—bx+3 if2<x<3

2x—a+b ifx=3

-4 _ lim (x—2)(x+ 2}

Atx=2: Ijmf{*c)—hm m(x+2)=4
=T x—2 A x-2 r—>2‘

lim f(x)—llm(u:r ~bx+3)=4a-2b+3.

x—=2"

We must have da-2b+3=4 or da-2b=1 (D

Atx=3:  lim f(x)=lim(ax’ —bx+3)=9a—3b+3
=2 =1

lim f(x)=lim(2x—a+b)=6—a+b.

x5 a1

We must have O9g-3b+3=6—a+b or 10a-4b=3 (2).
Now solve the system of equations by addition —2 times equation (1) to equation (2):

—8a+4b=-2
10a—4b=3 so a=1.
2a =1

Substitutinga =+ forain (1) givesus —2b=—1, sob=1 as well. Thus, for f to be continuous on

(—oc-_..-::o), a=b=1.

3+4"
39. The function f(x)=4 544" ifx=0 cannot be made continuous at x = 0 because
k ifx=0
3+4° 3 4 4
llm x)=Ilim——=—#I1=lim—=1lim = lim f(x
1 /(%)= —»=54+4" 5 oo 4" e 5447 —>D‘f( )

—5x=3 (x—l]{Ex—S) _ 2x-3

= =o(x) forx# 1. But
-1 (x—=Ix+1) x+1 &)

60. (a) Let f(x)=

2(1)-3 __l z_%_ Observe that fis not defined at x =1, but if we define f(I) =—%, the

g)=
)= 1+1 2
function will be -::nntinunus at x = 1 because g(x) is continuous at x = 1.

(b) Observe that f(x)= —ov=3_(x=DRx-3) has a vertical asymptote at x =—1 so it cannot
X —1 (x—D{x+1D)

be made continuous there.



