DEs and Slope Fields
p. 624: 5-9 odd, 14-20, 22, 28-29, 42-44, 48-51

dy dy 0 f‘fy z : 4y
5. —=3xy —=3x"dx = —=|3x"dx |y20|=|y dv=|3xdxc =-y =x+C=
feser = e R R
_—l—x +C = y= . ¥=101s also a solution.
y X +C

dy

7. g =x"+1> .xyI=x2+l = ydy="2
X

L e [x=0] :J’ydy:ﬂmﬂdr =

147 =%x3+1n|x|+K — y1=x3+2111|.r|+2k = y=inE+Zln|x|+C', where C'=2K.

9. (& -1)y'=2+cosx = (e"—])%=2+cosx = (e —ldv=(2+cosx)dx =

J*[e" — l]dy = j(z +cosx)dx = e’ —y=2x+sinx+C. We cannot solve explicitly for y.
dz . dz
er+_

14. =)= —=—f¢¢ = Ie’zct':fe’dr = —ef=f 0D =-C >
dt dar
L_—e’ C = & = z=ln[ tl J:} z=—ln(e’—C‘)
e e —C g —C

15.%—:{} = d—=Jkdx = In|y|=kx+C, = y=€" =Ce", equation (C).

.}_!
16. [dyv=[2xdx = y=f(x)=x"+C. f()=3 = 3=(1)+C = C=1.Therefore, f(x)=x"+2,
option (B).

17. y=¢&"* = %=%ex"z = 2dy=e""dx = 2%=dr = Eﬁzdr, which is choice, (A).
X ' ¥y

18. Observe that the graphs of equations (B), (C) and (D) go through (-1, 3), so they all satisfy the

initial condition. dﬂ—[y—l}[brﬂ) = j dy j{lr+l}dx = In|y-l|=x"+x+K =
X

|,1-' - l\ —Ce" T = y= Ce*** +1. The initial condition y(—1)=3 forces C = 2, so equation (D) is
the desired solution.

19. f'(x)=x/f(x) = %=x}#l"2 = fy']"zdy=j.rfir = " =l+Kk = fy=1i+C
x

f3)=25 = \25=(4-3"+C)= L=C. Therefore,y=({x +l—4]] so p(0)=(4L)" =12,
which is option (D).
dy

20. E—xe = I dy = jrdr = —e7=13"+C y0)=0 = —'=1(0)}+C =
X
C=-150 7 =1x"-1 = e¥=-1x"+1 = y=ln(l—%xz] = y=—ln(1—%12).
22. d—u=m, u(0)=-5. J*Zlu du =I(2r+5ec1r}dr = u =t +tant+C, where
dt 2u

[:,u[l[lll]]2 =0’ +tan0+C = C=(-5)" =25. Therefore, #” =¢* +tans+25, sou = £+/t* +tanr + 25.

Because u(0) =—-5 <0, we must have,u = —-J'r: +tant¢+25.



28. %:f = ydy=xdx = [ydy=[xdv = 1y’ =1 +C= y(0)=2= £(2) =10 +C =
x ¥
C=2,501y"=1x"+2 = y'=x"+4 = y=+/x"+4 since y(0)=2>0.
29. f(x)=xf(x)—x = ﬁ;ﬂg}—r — E=.r{y—]) =Y i [yv=1] =
dx dx v—1

Jd_ylzfxdx = In|y—1|=1x*+C. £(0)=2 = In[2—1|=1(0)*+C = C=0,50
-

|_'Il|y—1|=lx2 = |.]')_1|:‘-'EIZI.I2 = y—-l:{i-'x:'llz [Si]’lCEf(ﬂ}:?_] = J,r:gxz"lz+l
42. (a) For this differential equation, when x=0 = %—t} 0= dﬂ—[] so the slope of the tangent
X

line is zero. Therefore, when x = 0, the tangent line must be horizontal.

=j:rdx = tn2y+l|=ix"+C =

dv dv
h ;—2 r= — = 2!
(b) w=x = x(2y .
In2y+]|=x+C = 2y+1=¢" = y+1=tse” = y=1(4e” -1)

(c) v(0)=0 = [1=%[Ae°—]] = A=1,so0 the solution is y=l(e‘; —1)

43, f'(x)= Zx[f(:r)] :}ﬂ—bﬁ, :‘>J} ‘dy = JZIQ&:} —y ' =x C:>_v=—( ,1 ]

x+C
1 1 -2 -2 2
0)=2=— = C=—— = y= . Therefore, f(2)= =——, (B).
70 (0‘2+C} 2 VT /@)= 2271 7 ®)
44. =4 —1=-3. Therefore, the equation of the
X (x.p)=(0.0)
tangent line at (0, 1) is y—1=3(x—0), or y =3x+1. Using this tangent line we can approximate
F(1.5)=3(1.5)+1=5.5.
(b) ﬂ_zt y :>j =[dx = Injd—)|=x+C = [d—)|=4e" =d-y=4¢" =
f(x)=4—A4e". ThenlimZ— f{ lim4_A€ = %_‘4 =0, 50 the limit does not exist.
=0 6x =0 6x II_I;I‘ELG

(c) From (b), the general solution isy =4+ 4e*. f(0)=1 = 1=4—4-¢" = 4=3. Thus,
yv=f(x)=4-3".



1 50

48. (a) When r= 1, the tangent line has slope a;i_F:’ =—(80-30) =3 =10 = the equation of the

40.

50.

51

5
tangent line at (0, 30) is y =10¢+30. We can use the tangent line to approximate

(1) ~10+30=40 g.

2
(b) dw _ 1 dw =_l{l(3[}—wﬂ = —%{BD — W) . Because the second derivative is negative

dt* 5 dt 55

at the point (0, 30), the graph of W is concave down, so the tangent line lies above the curve and the
tangent line estimate is an overestimate.

daw 1 dw
¢) —=—(80-— =
©) dt 5( ") j(SG—W}
80— = 4e"™ = W(t)=80—Ae"".
W(0)=30 = 30=80+A4e" = A=-50 = W(t)=80-50e"".

2

dy 2 } d S d )Y 2/( 2 2 (2497 —4-247
(a) Z===2x)" = 'f=—2(x:r)‘(x—“+yJ= ST XY T3 —|= L
dx xy dx dx

=
xy U wp xy oy xy

o

=Hdz = In[80-W|=1r+C = [80-W|=4e"* =

(b) At the point (1, 3), the tangent line has slope% = % The equation of the tangent line at this

point isy =2(x—1)+3=2x+1. We can approximate f(1.2) ~3(1.2)+I=%~ 3.133
2

(c)If f(x)=0forl=x=1.5, by(a), f"(x) =_4;—2{} = 0 on this interval, which means that the
X _}"

curve is concave down on this interval, and the tangent line lies above the curve, so the tangent line
estimate is an overestimate.

dy _ 2 [ _ [+ 2 _ 2 _
(d)a—g = |ydy=|2x ‘dx = 1y’ =2Infx[+C = 3’ =4Infx]+c

y()=3 = ¥ =4h|l|+c = 9=c = ' =4Inx+9 = y=4Inx+9.

X f(x)= f(x) = f@ﬂ; = jﬁﬂ‘ﬁf = 1n|y|=—l+f: = y=ce ", and f(l):g =
dx v X~ X e

2_¢ = c=2, y=2¢"". For this function, f(-1)=2e, f(2)= j’_, Iin& f(x) does not exist

e e e I

because the limit from the left does not equal the limit from the right. However,

lim f(x)= lim% =2,s0 only (B) is true.
Y. T

(a) %=E(}=—TD) = J%=J‘hﬂ = In|y-70|=k+C, = y-70=Ce" = y=Ce" +70.

1(0)=88 = 88=C+70 = C=18 = y=18e".
¥(2)=85 = 85=18¢"+70 = 15/18=¢" = ]J](lﬁx"lg):ﬂ: = k=zIn=
(h‘) y= 70 + 1861 1/2}In(5/6 )¢

[

]

'ln{l

In(7)

)

[~=]

(c) 75=T0+18"00 — ~14.051 min.

;lu:

=€I}.Sh[i:'{-]r — 2_ln(%)=ln{%)f = f=



10.

11.

13.

14.
15.

16.

p.615: 7-11, 13-16, 19-23 odd, 40-41, 43 (a-b)

s ; It appears that the constant functions y = 0.5 and y =1.5are equilibrium
*’ solutions. Note that these two values of y satisfy the given differential
equation y' = xcosy.

The function F depends on both x and y because the line segments along each horizontal are not
parallel (do not have the same slope), nor do the line segments along each vertical line. The line
segments in the fourth quadrant have negative slopes, so (C) is not true. However, the horizontal line
segments occur for some x in [-1, 1]. which indicates that F = 0 for some x in this interval. Thus, D
is the true statement.

Fory =0, the given slope field indicates that F does not depend on y, and has horizontal tangents at
x = |. In addition, the slopes are positive for x > | and negative for x < 1, with the absolute value of
the slopes decreasing as x approaches 1. The differential equation corresponding to the general

solution y = +(x—1)* + C would be y =+2(x—1)". This means that option (A), y =+(x—1)’ + C could
be the general solution for this slope field.

This slope field for y = 0 appears to be reflected across the y-axis to obtain the slope field for y < 0.
Thus, for y < 0, the solution could be y=—(x—1)" +C.

The slope field indicates that the differential equation must involve both x and y, so possibilities (A)

and (B) are eliminated. At the point (1, 4), the slope field has a line segment with a negative slope.
This is true for option (C), but not for option (D).

In the given slc-[;e ﬁe]a, we see that the solution curve passing through (0, 1) has slopes that are

positive and increasing, so (D) is true. Fory=2¢"—x—-1= Y_ 2" —1= x+(29x — x—]) =X+ 1,50

dx
(C) is true. The solution passing through (0, 1) does appear to be asymptotic to the graph of
y=x-1, so(B)is true. However, ify=x— 1, thenx+ y=2x+1#1 =%, so statement A is not
X
true.

v'=2—y. The slopes at each point are independent of x, so the slopes are the same along each line
parallel to the x-axis. Thus, III is the direction field for this equation. Note that fory =2, y"=0.

V' =x(2-y)=00n the lines x =0 and y = 2. Direction field I satisfies these conditions.

v'=x+ y—x=0onthe line y=-x+1. Direction field IV satisfies these conditions. Observe also
that on the line y = —x we have »' = -1, which is true in IV.

V' =sinxsin y=0on the linesx=0,y=0and y' > 00 forO0<x < x, 0< y< . Direction field IT
satisfies these conditions.
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Note that the three solution curves sketched go through (0,0),(0,1),and (0,-1).

¥

21. x |y | v=y-2x
-2 | 2 2
2| 2 6
2 2 -2
2|2 —6

Note that y' = 0 for any point on the line y = 2x. The slopes are positive to the left of the line and
negative to the right of the line. The solution curve in the graph passes through (1, 0).
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Note that ' = y(x +1) =0 for any point on y = 0or on x =—1. The slopes are positive when the factors
v and have the same sign and negative when they have opposite signs. The solution curve in the
graph passes through (0,1).



40. (a) y=6x+b= %z 6. We need y to be a solution to the differential equation, so
6=%=2_v—12x=2{6x+b)—12x = 6=12x+2b-12x=2b = b=3.

(b) % =g’ = £'(0,0)=2(0)-12(0) =0, thus, g has a critical point at(0,0).

2 2
Y 2D 13-2(2p-12x)-12=4y-2x-12 = L2 =—12. Therefore g is concave
dx dx -
x, =00}
down at this point and the graph of g must have a relative maximum at (0,0).

41. f{x)=_v=—2x+4e"‘+c:>f'(x}=;i£=—2—4e" =
X

24 +y=-2—4e” +(—2x+4e" +c] =c—2-2x=-2x+(c—2). Inorder for fto be a solution of the

differential equation we must have ¢—-2=0= ¢ =2, which is option (C).
43. (a) If fhas a critical point at x =1In2, fmust have a horizontal (or undefined) tangent line at this
: d
point. Therefore, ~% =2x= e

x (x,¥)=n2,¥)

=0=2(In2)-y=0= y=2In2.

(b) %:2,:—_1: -4 =2—%=2—(2x—y)=2—2x+_‘u. At the point (In2,21n2),
X

{h_z

2-2(In2)+2In y =2 >0, so this point is a relative minimum.



